We reexamine interactions between the dark sectors of cosmology, with a focus on robust constraints that can be obtained using only mildly nonlinear scales. While it is well known that couplings between dark matter and dark energy can be constrained to the percent level when including the full range of scales probed by future optical surveys, calibrating matter power spectrum emulators to all possible choices of potentials and couplings requires many computationally expensive n-body simulations. Here we show that lensing and clustering of galaxies in combination with the Cosmic Microwave Background (CMB) are capable of probing the dark sector coupling to the few percent level for a given class of models, using only linear and quasi-linear Fourier modes.
I. INTRODUCTION
In the minimal cosmological model -ΛCDM -dark matter only interacts gravitationally, and dark energy is described by a cosmological constant. While this scenario is consistent with current observations, the existence of theoretical issues such as fine tuning and the coincidence problem, in addition to multiple, but low statistical significance, anomalies may point to the existence of new physics. Some of these anomalies are: the lack of power at large angles in the CMB angular correlation function [1, 2] ; the tension between the Planck CMB estimate of σ 8 and the lower values inferred from weak lensing [3, 4] , cluster counts [5] , and redshift-space distortions [6] ; and the tension among measurements of the Hubble parameter measured at different redshifts [7, 8] . Considering the complexity of models arising from our theories of high energy physics, it is prudent to analyze non-minimal models that might address some or all of these anomalous observations. In general, effective field theory dictates that such a description may include an interaction between dark sectors, and the resulting models have been studied and extensively tested [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] .
After the final upcoming data release from the Planck mission, new information on the background evolution and the formation of structure in the universe will primarily come from optical surveys, such as the Dark Energy Survey (DES) [20] and the Large Synoptic Survey Telescope [21] (LSST), and ground-based CMB observatories sensitive to both the temperature and polarization spectra of the CMB photons [22] [23] [24] . In both of these cases, gravitational lensing plays a significant role and will provide a vast amount of information about how structures have evolved up to the redshift of background galaxies in the case of the optical surveys, and the CMB itself in the case of CMB lensing.
Both the DES and LSST surveys will provide high-quality data on scales at which gravitational collapse is highly nonlinear. This makes constraining cosmological models particularly difficult, since the standard technique is to run computationally expensive n-body simulations that calibrate matter power spectrum emulators and fitting functions. This is necessary since only a limited amount of information is captured by Fourier modes for which linear theory accurately describes gravitational collapse. For the case of coupled dark energy, there have been several attempts to simulate the nonlinear matter power spectrum [25, 26] , but these have been developed only for a limited set of cosmological parameters and choices of the quintessence potential. Emulators and fitting functions must be accurate on the entire volume of parameter space with non-negligible posterior probability. This calibration requires many simulations for each potential and functional form of the dark sector coupling.
For example, the coyote ΛCDM emulator was calibrated against 37 state-of-the-art n-body simulations in addition to dozens of predictions from renormalized cosmological perturbation theory [27, 28] . Failing to enforce similar accuracy requirements for coupled dark energy models would result in constraints on the coupling parameter being limited by systematic uncertainties.
The difficulty of developing power spectrum emulators for every possible scalar-field potential and coupling can be alleviated by the use of semi-analytical techniques. However, these methods are limited to quasi-linear Fourier modes k 0.8 h/Mpc. Motivated by this limitation, we would like to address the question of whether DES and LSST lensing measurements on scales that are accessible to semi-analytical techniques can significantly tighten constraints from Planck data on the coupling of dark energy to dark matter.
For definiteness, we analyze the case of a conformal coupling which may arise naturally from higher dimensional theories with branes, such as the Randall Sundrum I model [29] and in Brans-Dicke theories after a conformal transformation [30, 31] . Indeed, having a fieldtheoretical description in mind can be useful in a number of circumstances, particularly when understanding the limits of applicability of the model [32] . Although we specialize to a particular coupling and quintessence potential, which have been the subject of past investigations, we believe that our results apply to more general parameterizations as argued in the following paragraphs.
A simple way to model dark energy coupled to dark matter is to treat both components as perfect fluids. The energy-momentum tensors of dark matter and dark energy, instead of being conserved independently, satisfy
where ρ cdm/de either stands for ρ cdm , the dark matter density, or ρ de , the dark energy density.
Here H is the Hubble parameter; and ξ is usually taken to be a constant, although the more fundamental field theory models we describe below can give rise to a non-constant ξ. Within the fluid description, the above equations can be written as
where Q = ξHρ cdm/de and w de is the equation of state parameter for the dark energy component. Thus, if Q > 0, energy is transferred from dark energy to dark matter, and if Q < 0, the situation is reversed.
While different couplings can give rise to different expressions for ξ, their effects will often be somewhat similar. This can be seen by writing the equations of motion for the dark sector as
Assuming, for example, that Q ∝ ρ cdm , we have that the effective equations of state are
The definitions for the effective equations of state for the case Q ∝ ρ de follow similarly, although we do not expect our results to hold for these models. On the other hand, considering different quintessence potentials for the dark energy field can change the total equation of state, both today and during the accelerated epoch, but we do not expect these differences to change the main conclusions of this paper.
The outline of this paper is the following. In section II, we introduce the coupled dark energy models under consideration. In section III, we show the constraints from current CMB data and the lensing forecast; for both cases, we first explain the basic setup used to analyze the data and then state our results. We show that, by combining the CMB and lensing data, it is possible to probe the dark sector coupling to a few percent using only mildly non-linear scales. Lastly, we discuss our results in section IV.
II. COUPLED DARK ENERGY
We will focus, for definiteness, on models in which there is a conformal coupling between the dark energy and the dark matter; furthermore, we assume no direct coupling between the dark sector and the standard model. The action reads
where φ is the dark energy (or quintessence) field, ρ c is the dark matter energy density, and ψ j represent the standard model fields. By minimally coupling the standard model fields to the Einstein-frame metric, we ensure that the model satisfies equivalence principle constraints from, for example, solar system tests of gravity. Assuming a flat FRW metric
, with conformal time η, the equations of motion involving the dark components become
where a prime denotes a derivative with respect to φ, an overdot denotes a derivative with respect to the conformal time, H ≡ȧ/a is the conformal Hubble parameter, and the subscript i denotes that the sum is over all standard model particles, including neutrinos, which can also have a nontrivial effect on the interpretation of our results. Finally,
is the observed dark matter density, which is not conserved.
In previous studies, the existence of attractors has been shown for different quintessence potentials [9, 10] . Here, we will focus on the case of an exponential potential given by
where λ is a dimensionless positive constant and V 0 is a positive constant with units of
[mass] 4 . We will also specialize to coupling functions of the form
where the factor of 2/3 is introduced for convenience and where C is a dimensionless constant. In this work, for simplicity, we will restrict ourselves to a parameter space that excludes the case where the scalar field and radiation are both comparably dominant before radiation-matter equality, this requires |C| < √ 3 2. We will also require the existence of a matter dominated phase and a late-time accelerator attractor with an effective equation of state close to ΛCDM. There are two attractors that can give rise to an accelerated epoch, [9, 10] . In order to ensure that we reach the required accelerated epoch we require 0 < λ < 2C. Therefore, we limit the analysis to 0 < λ < √ 3 and |C| < √ 3/2.
To simplify comparisons with wCDM models, we define effective densities in such a way that what we refer to as dark matter redshifts exactly as in the standard CDM case:
With these definitions, if we assumed that the universe contained only non-interacting dark components, we would infer
The results in this paper are obtained, of course, by considering the perturbed versions of the equations of motion of the above model, these equations are found in Appendix A.
We present a detailed computation of the adiabatic and dark sector isocurvature modes in Appendix B and note here that, when solving the perturbed equations, we assume adiabatic initial conditions.
The models of coupled dark energy under consideration have been extensively studied;
see for example [9] [10] [11] [12] [13] [14] [15] [16] [17] 33] . A general feature of these models is the dilution of the dark matter energy density at a rate faster than a −3 . In addition, the interaction between the dark sectors increases the distance to the last-scattering surface, which in turn shifts the position of the acoustic peaks of the CMB temperature power spectrum to larger multipoles.
Compared to the non-interacting case, the presence of the coupling leads to a later matterradiation equality and smaller observed dark matter density fraction:Ω m =ρ c /ρ critical . In the following section, we will argue that these and other features mean that the coupling can mimic the effect of changing the spectral index on the linear matter power spectra.
III. CONSTRAINING THE COUPLING STRENGTH
Having defined the class of models under consideration, in this section, we show how CMB temperature and polarization data in combination with lensing and clustering of galaxies measurements from DES and LSST can tighten the current state-of-the-art constraints on the coupling C in (12) . We also examine the potential impact of including low redshift information from baryon acoustic oscillations (BAO) and type IA supernova data, and show that these do not significantly improve the upper limits on the coupling (see figure 1 ).
We understand this to result from the high level of degeneracies between the parameters involved.
A. Constraints from current data
Basic Setup
To understand current constraints we need to focus on specific datasets and likelihood functions. For the CMB data, we adopt the Planck low-1 and high-2 likelihoods [8, 34] .
For the BAO data, we adopt the DR11, 6DF and MGS datasets [35] [36] [37] . Finally, for the type IA supernova data, we adopt the JLA compilation [38] . The implementations of both the BAO and the JLA likelihoods were already included in the November 2016 version of the CosmoMC [39] software.
To compare our model to these datasets, we first modified the CAMB code (November 2016 version) [40] [41] [42] to evaluate the temperature and polarization power spectra predicted by coupled dark energy models. We then estimated the posterior via Monte Carlo Markov
Chains that were implemented using the CosmoMC code [43, 44] . The numerical routines used to implement our modifications to CAMB were provided by the NAG Fortran library [45] .
Our baseline cosmology contains nine parameters
Here, h is defined in terms of the Hubble constant via H 0 ≡ 100hkm/s/Mpc, Ω DM h 2 and Ω b h 2 are the effective cold dark matter and baryon energy densities respectively, θ A is the angular acoustic scale at recombination, n s and A s are the inflationary spectral index and 1 Low-TEB likelihood, < 30 for the TT, TE and EE spectra.
2 Plik likelihood, 30 < < 2508 for the TT spectrum, and 30 < < 1996 for the TE and EE spectra.
power spectrum amplitude respectively, τ is the optical depth at reionization, m ν is the sum of neutrino masses, C is the dark energy coupling defined in (12) , and λ is the potential parameter defined in (11) . As mentioned earlier, we are assuming spatial flatness.
We include the sum of neutrino masses as a free parameter since there are well-known degeneracies between certain effects of massive neutrinos and those of particular models of modified gravity [46, 47] . This allows us to explore the question of whether such degeneracies are also present in our models, and if so, the extent to which they affect our ability to constrain the coupling parameter. Given that we are still not at the level of precision at which differences between the normal, degenerate, and inverse hierarchies are statistically significant and prior-independent [47] [48] [49] , we assume the degenerate hierarchy for simplicity.
Finally, since we have assumed that neutrinos are not coupled directly to the scalar field (or the dark matter), neutrinos and cold dark matter behave differently at all scales. This is a significant difference in comparison to νCDM cosmologies, where effects on the matter power spectrum are indistinguishable above the neutrino free-streaming scale [50, 51] .
Results
In figure 1 , we show the results obtained by using only the CMB data, then combining this first with BAO measurements, and finally including supernovae data. We find that temperature and polarization data from Planck can rule out couplings C 0.1, similar to the constraints obtained in the Planck collaboration paper [52] that analyzed coupled scalar field models with an inverse power-law potential. We can observe a weak preference for a non-zero coupling that we infer is driven by the preference for low power in the Planck temperature spectrum at large scales, which can be seen in figure 2 . Finally, there is a correlation between the coupling and Ω DM h 3 , which is due to the effects of both parameters on the angular size of the acoustic peaks at recombination. for a positive nonzero coupling does get slightly stronger, due to the preference for lower Ω DM . Indeed, lower values of Ω DM suggest higher Ω DM h 3 , thus slightly disfavoring C 0.05.
Lower Ω DM also excludes models with large neutrino masses. Nevertheless, comparison of the maximum likelihood model against ΛCDM shows small differences in χ 2 . All the statements listed above also hold in chains with fixed neutrino masses ( m ν = 0.06eV).
The correlation between the sum of neutrino masses and the dark energy coupling emerges when data from the CMB and BAO are combined. Indeed, higher coupling values can relax the upper limits on the neutrino masses by a factor of two. The main reason for this lies in
The best-fit model (blue solid line) that has C = 0.041 and the posterior distribution (one and two sigma contours are the dark and light blue bands respectively) for the CMB temperature power spectrum predicted by coupled dark energy models. We have also included the best-fit ΛCDM model (solid black line) to show the lack of power at large scales, which is a well known feature of the Planck data and which explains the weak preference for positive couplings. The difference in χ 2 ≡ −2 ln L between the best-fit models is, however, not large enough to claim any detection, even at the one sigma level.
the fact that the correlation between σ 8 and H 0 is opposite to that required to simultaneously alleviate the existing tensions between the CMB data and that from low redshift probes, including direct measurements of H 0 . The comparison shown in figure 3 demonstrates that higher neutrino masses imply lower σ 8 , which alleviates the tension.
The results discussed in this section broadly reproduce what is known about the effects of coupled models on cosmological parameters. We now turn to the question of how these constraints might be improved by including lensing data from current and upcoming cos- consists of both temperature and polarization data, but excludes lensing reconstruction in the black contours. Note that the correlation between H 0 and σ 8 is the opposite sign to that required to alleviate the tensions between low redshift probes and the CMB, i.e. higher H 0 correlates with higher σ 8 . Therefore, had we included local H 0 measurements, the posterior for non-zero neutrino mass would have been boosted towards larger masses, which leads to a preference for lower σ 8 .
Massive neutrinos, however, are not the perfect solution to this, because they also tend to reduce H 0 in νΛCDM, although this correlation is weaker in our models. Indeed, the preference for lower σ 8 a broadens the neutrino mass distribution in C > 0 models by almost a factor of two in comparison with uncoupled models -see the correlation plot between m ν and C located in left middle panel.
a The lensing potential is slightly incompatible with the amount of lensing extracted from the smoothing of the peaks in the temperature power spectrum and that implies lower Ω
mological surveys.
B. Lensing forecast
Basic Setup
Our central interest is in what we might learn from the DES and LSST surveys. The primary goal is to understand whether lensing can improve our constraints on the coupling between dark energy and dark matter without taking into account scales that are inaccessible to semi-analytical perturbation methods, such as renormalized perturbation theory [54] and effective field theories of large scale structure [55, 56] .
The detailed settings for the DES and LSST surveys are listed in tables I and II respectively. The large-scale structure observables we include in our forecast are the cosmic shear, galaxy lensing, and galaxy clustering [57] . In all chains, the fiducial model adopted for the lensing forecasts is the flat ΛCDM one, with parameters shown in table III. The covariance matrices for DES and LSST, as well the data vector evaluated in each chain step, were calculated using a modified version of CosmoLike [58] adapted to receive the matter power spectrum and the background distances from our modified CAMB code.
The posterior was sampled with the multimodal nested sampling algorithm MultiNest [59] instead of the dragging method that is the default algorithm in the CosmoMC code [43] .
This implementation was developed in CosmoSiS [60] , which provides a robust framework to exchange parameters between Multinest, CAMB, CosmoLike, and the likelihoods. These changes were not motivated in any way by the shape of the lensing likelihood, which is a high-dimensional multivariate normal distribution that can be adequately sampled using either methods. Rather, the choice was mainly due to the complexity of the pipeline and the different computer languages involved in the development of the various modules 3 . In such a setup, the CosmoSiS framework is more suitable for the transferring of data between the modules 4 Our covariance matrix for the lensing and clustering of galaxies takes into account both gaussian and non-gaussian contributions, as well as the full correlation between these ob- servables (see Appendix A of [58] for details of the implementation). However, we have not modeled nonlinear baryonic effects [61] or the intrinsic alignment [62] . We have included photometric redshift uncertainties and shear multiplicative bias systematics (see [58] for implementation details). We note that the ΛCDM predictions are derived from one of the analysis codes validated in [63] .
For the DES forecast, we have assumed a flat gaussian prior between [−0.01, 0.01] for the photometric redshift biases of the source galaxies and a flat prior over the same range for the shear multiplicative biases. We assume a lens galaxy sample consisting of luminous red-sequence galaxies similar to the redMaGiC selection [64] , which are selected to have accurate photometric redshifts with ∆ z 10 −3 . We have checked and confirmed that our constraints on the coupling parameter are robust against pessimistic scenarios in which the maximum allowed values for these systematics are three times larger. Currently, the DES year one analysis assumes priors of a few percentages in these biases. Before digging into the forecast results, it is worth understanding qualitatively the changes that a positive coupling induces in the linear power spectrum. The matter linear power spectrum is defined by [65] 
where G(a) is the growth rate relative to the growth rate during the matter dominated epoch in ΛCDM models, T (k) is the transfer function, A s and n s are the inflationary amplitude and the spectral index respectively, andΩ m is the observed cold dark matter density fraction.
The 4/25 pre-factor and the 1 Ω 2 m H 4 0 dependencies come from the Poisson equation that relates the cold dark matter density to the potential Φ. The origin of the other factors can be understood by first realizing that, in Newtonian gauge, assuming cold dark matter domination, we have k
Furthermore, the gauge transformation relating the Newtonian potential Φ to the comoving curvature R in the comoving gauge is Φ = 3R 5, which remains valid in the matter dominated era [66] . Finally, the conservation of the comoving curvature outside the horizon
This assumes that pressure fluctuations are negligible beyond the horizon, given that, in the absence of anisotropic stresses [66] , we haveṘ ∼ −H J δp J (ρ J + p J ). The presence of large isocurvature perturbations on super-horizon scales, which can be generated during inflation for example, can spoil the conservation of the comoving curvature (see appendix B
for isocurvature pseudo-initial conditions).
In figure 4 , we present the linear matter power spectrum at a redshift that approximately corresponds to the median of the first redshift bin of the lenses in the DES survey. This plot shows that the coupling mimics the effects of changing the inflationary spectral index at the scales probe by DES. There are two underlying reasons for this. Firstly, higher couplings lowerΩ m and this shifts the entire power spectrum upwards 5 . In comparison to ΛCDM, coupled dark energy slightly decreases the growth rate, which has the opposite effect. This decrease in the growth rate is expected since δ ∝ a 1−4C 2 /3 grows slower than the uncoupled case, for which δ ∝ a [9] . The overall effect still shifts the entire power spectrum upwards. Secondly, larger positive couplings also shift matter-radiation equality towards a lower redshift, precisely because there is a lower effective cold dark matter energy density. This moves the location of the power-spectrum turning point to the left, since the 5 In ΛCDM, ∆G ∼ 1 2 ∆Ω DM around the fiducial value of Ω DM ; the change in the growth factor will also modify the matter power spectrum. On the right panel, we have fixed H 0 since lensing and clustering of galaxies alone does not probe the angular diameter distance to the surface of last scattering. The redshift z = 0.295 is approximately the median of the first photometric redshift bin for the lenses in the DES survey. For lensing and clustering of galaxies that probes the power spectrum around 0.01 h/Mpc k 0.5 h/Mpc, the coupling indeed mimics a change in the inflationary spectral index.
universe has a larger horizon size at a lower redshift, and also increases the damping of modes that entered the horizon during the radiation epoch. The latter happens since the shape parameter Γ ≡Ω m h that controls the transfer function damping [67] decreases for positive coupling. The combination of lensing and clustering of galaxies with the CMB data, which fixes θ A , exacerbates the fractional difference of the linear matter power spectrum with and without coupling. This could be explained by the fact that at fixed θ A , larger C correlates with larger H 0 which in turn induces smallerΩ m and Γ at fixed Ω DM h 2 .
For negative couplings, the effect on the linear power spectrum is the opposite. Higher Ω m shifts matter-radiation equality towards higher redshift, which lessens the damping of modes that have entered the horizon during the radiation epoch, and also moves the entire spectrum downwards. Therefore, the linear power spectrum in these models is systematically higher than the ΛCDM predictions on scales k 0.01h/Mpc, and it only crosses the ΛCDM linear spectrum at k 0.01h/Mpc. The lensing signal in this case seems to be degenerate with galaxy bias (see figure 2 of [18] ).
Results
Given the power of the CMB to constrain the inflationary spectral index to high precision, its combination with galaxy lensing and galaxy clustering is able to improve constraints on the coupling parameter. Indeed, the DES large-scale structure forecasts can, together with a prior of n s < 1.0, rule out C 0.12, as we can see in figure 5 . Going from l max = 200 to l max = 350 reduces the uncertainties in the direction perpendicular to the n s − C degeneracy in LSST forecast. This is somewhat expected because l max = 350 provides sensitivity to a broader range in k, and figure 4 shows that the coupling and the inflationary tilt effects are not perfectly degenerate on the linear power spectrum over many decades in k. Therefore, the larger the range probed in k by the data, the better we can constrain the direction perpendicular to the n s − C degeneracy, as long as the linear power spectrum is a good approximation. On nonlinear scales, however, the matter power spectrum becomes less sensitive to changes in the inflationary spectral index (because of the one-halo term in the halofit approximation), and we therefore see less improvement in the direction perpendicular to the n s − C degeneracy.
For qualitative statements at quasi-linear scales and for couplings |C| 0.1, it is not unreasonable to assume ΛCDM Halofit with Ω m = Ω DM . Indeed, in [68] it was shown that for a limited set of cosmological parameters, couplings in this range introduce only a few percent change in the nonlinear spectrum in comparison to ΛCDM Halofit at scales k 0.6 h/Mpc. This approximation is, however, a source of systematic uncertainties in our results that prevents us from stating precisely what would be the ultimate upper limit on the coupling achievable by DES and LSST. We intend to mitigate this systematic in a future work, by generalizing higher order perturbation theory to address coupled dark energy models.
We next turn to the LSST forecast shown in figures 7 and 8. Our LSST chains are not as realistic as the DES forecast, since they do not include photometric redshift biases, but they do better illustrate the correlations explored in this work due to the increased constraining power of LSST compared to DES. They also show that increasing the precision at larger scales, where systematic uncertainties are less severe, can in principle improve the DES constraints by a factor of two. To reach the stringent upper limit of C < 0.01 at the two sigma level, knowledge of the power spectrum in the deep nonlinear regime seems to be required. Nevertheless, to provide a definite answer for the achievable LSST upper limit, systematics must be addressed. We postpone this investigation to future work.
IV. DISCUSSION
The possibility of an interacting dark sector, perhaps even mimicking the complexity of the visible sector, has been considered in many studies and is well-motivated both through candidate models of high energy physics and by the considerations of effective field theory.
Modern cosmological data allows for constraints on such proposals through the combination of multiple datasets relevant to physics at many different scales. In this paper we have revisited a relatively simple realization of this idea, in which a single component of dark matter interacts with a single dark energy field through a coupling that is described by a single dimensionless parameter C. Previous work using CMB data has shown that energy transfer from dark matter to dark energy (C > 0 with our conventions) is preferred at small statistical significance by current observations, mainly because of the lower power in the temperature power spectrum at the large scales observed in the Planck data. Interestingly, the preference for a smaller value of Ω DM when CMB data is combined with BAO data slightly increases the posterior for C 0.05. However, at the same time,
Planck data rules out a coupling C 0.1, and we have seen that the addition of low redshift information from both BAO and type IA Supernova does not change this upper limit. Finally, we have observed an emergent correlation between the coupling and the sum of the neutrino masses when CMB and BAO data are combined; finding that higher coupling values relax the upper limit on the neutrino masses.
We have used weak lensing and galaxy clustering in the data forecasts for both the DES
and LSST surveys to demonstrate a correlation between the inflationary spectral index and the dark sector coupling, so that, at redshifts probed by large-scale structure the effect of a positive C in the matter power spectrum is similar to that of changing the tilt. When including the CMB data, which fixes θ A and probes n s quite well, the size of the effect of the coupling on the linear power spectrum is exacerbated (see figure 4) . Therefore, the combination of lensing and clustering of galaxies and CMB data has allowed us to demonstrate an improvement on the constraints on the coupling strength without entering the deeply nonlinear regime.
The tightest constraint on the coupling strength (C 0.03) arises when combining CMB and LSST data. Further improvement on this constraint could be achieved by better modeling the matter power spectrum deep into the nonlinear regime, but this option requires expensive N-body simulations. Another possibility to push DES and LSST limits even further is to include CMB convergence maps and their correlations with lensing and clustering of galaxies [69] . Nevertheless, we have seen that C ∼ 0.1 provides almost no improvement in χ 2 with current data. Finally, we have observed that these models are not able to address the H 0 and σ 8 tensions between CMB and low redshift data at the same time. Therefore, we believe that constraints at the level C 0.03, already diminish significantly the appeal of such models.
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We thank Daniel Grin, Rogério Rosenfeld and Bhuvnesh Jain for helpful discussions. In this Appendix, we compute the linear perturbations for the coupled model. We will follow [70] and work in conformal time, in the synchronous gauge, iwith metric is given by
where the scalar mode of the metric perturbations in Fourier space k is written as
and we have introduced the fields h(k, τ ) and η(k, τ ). The components of the perturbed energy-momentum tensor read
The perturbed Einstein field equations in this gauge are theṅ
where K is the spatial curvature and κ ≡ √ 8πG. When working in synchronous gauge, there is still a residual gauge freedom given by the coordinate transformations
where c 0 and c 1 are constants. These constants will be fixed once we pick the initial conditions, which are computed in detail in Appendix B.
For the interacting dark energy model studied in this paper, the perturbed Einstein equations become
where we have written the perturbed densities as ρ c (x, τ ) = ρ i (τ )(1 + δ i (x, τ )), and defined
, and˙≡ d dx, with x ≡ kτ . Meanwhile, the equations of motion for the dark sector fields are given bÿ
We next focus on the perturbation equations for baryons, photons and neutrinos. When computing the initial conditions, we ignore higher order moments in the Boltzmann hierarchy of the neutrinos, since they would be suppressed by additional powers of kτ , and will not be relevant for our discussion [70] . Given this, the perturbed equations of motion are given bẏ
We take the tight-coupling approximation, since the baryons and photons are strongly coupled due to Thomson scattering. In this approximation the velocity perturbations are
This implies that the equation for the baryon-photon fluid velocity perturbation reads
Appendix B: Super-horizon perturbations
The CAMB code begins mode integration well outside the horizon, and we therefore seek super-horizon initial conditions. We use a series solution method, redefine the perturbation variables, and expand the background functions in powers of x = kτ [70, 71] . This amounts to an early-time and super-horizon expansion. The new variables are
With these definitions, the perturbed equations read
where
To obtain these expansions, we have used the Friedmann equation
where we have fixed the scale factor today to be a(τ 0 ) = 1. At early times we have a ∼ x/k, and by writing ρ φ ∝ x n , we see that the dark energy density term can be neglected at order x 2 if n ≥ −1. Furthermore, we expand the conformal coupling in a Taylor series around
Given that at early times ρ φ (dφ dτ ) 2 a 2 , the second term is of order τ n/2+2 and can be neglected if n 0 (as long as α e α(φ(τ 0 ))
O(τ 0 )). In addition, since
we may neglect any term that contains dφ d ln x.
The term containing the scalar field potential can also be neglected as long as V (τ 0 ) < 1/x 4 , which is easily satisfied by the exponential potential. The terms (x k)R c f (α), where f (α) is either α , (α ) 2 , or α , should be included as long asR c f (α) 1. The inclusion of these terms, even if they are smaller than unity, would not change the results at next to leading order. Given this, we proceed to include them in order to explore the whole parameter space consistently. To sum up, the assumptions we make are
We have checked and confirmed the validity of these assumptions against the numerical solution for the background equations in the parameter space defined by 0 < λ < √ 3 and
In order to solve this system of equations, we write the equations of motion in the form
with the vector u given by u T = δ γ ,δ ν ,δ c ,δ b ,φ,Ṽ γb ,Ṽ ν ,Ṽ c ,ũ φ ,σ ν ,F
ν , Θ h , η T .
The lowest order corrections are then found by solving the system (A 0 − αI) u 0 = 0 ,
where α is the eigenvalue corresponding to the mode u 0 . Using this procedure, we find that the expansion for the adiabatic mode at next to leading order is ADIABATIC MODE 
where we have defined R m-r ≡ ρ 0 m 3ρ 0 r . From this, we see that at leading order there are no contributions to the dark matter velocity, to η, or to the field variables. In order to compare our results with [72] , where initial conditions for this kind of model were obtained, it is important to note that this paper uses a different definition of the dark matter density. In [72] ρ c and δ c are defined as the coupled quantities, that is, ρ We also obtain the isocurvature modes corresponding to the interacting dark sector. 
